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Abstract 

In this note we show that the nth Morava _E-cohomology group of a finite spectrum with 
action of the nth Morava stabihzer group can be recovered from the (n + l)st Morava E- 
cohomology group with action of the (n + l)st Morava stabihzer group. 

1 Introduction 

This note is a continuation of [16j . Let p be a fixed prime number. In the stable homotopy 
category of p- local spectra, there is a filtration of full subcategories iS„, where the objects of 
Sn consist of i?(n)-local spectra. The differences of each step of this filtration are equivalent to 
the K{n)-\ocal categories. So it can be considered that the stable homotopy category iS(p) is built 
up from K {n)-\oca[ categories for various n. In fact, the chromatic convergence theorem (cf. [15j ) 
says that the tower • • • — > Ln+iX — > LnX • • • ^ L^X recovers a p-local finite spectrum X, 
that is, X is homotopy equivalent to the homotopy inverse limit of the tower. Furthermore, the 
chromatic splitting conjecture (cf. [4j) implies that the p-completion of a finite spectrum X is a 
direct summand of the product Yin ^K{n)X . So it is important to know the relationship among 
-ft'(n)-local categories for various n. 

We recall the classical Chern character map. The Chern character map is a multiplicative 
natural transformation from ii'-theory to rational cohomology: 



ch : K*{X) — > H*{X- Q[w*^]) = ]J H*+^'{X; 



The formal group law associated with A'-theory is the multiplicative one, and the formal group 
law associated with the rational cohomology is the additive one. So the Chern character map is a 
multiplicative natural transformation of cohomology theories from a height 1 theory to a height 
theory. Ando, Morava and Sadofsky [T] have constructed a generalization of Chern character map 
from the chromatic point of view. In this note we construct a refinement of their generalization 
of Chern character map. More precisely, we construct a multiplicative natural transformation of 
cohomology theories 

e:E:+,{X)^M*{X). 
The cohomology theory B*(X) is a coefficient extension of E*{X) so that 

m*{x)^m*®e-'E;;^{x). 
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The natural transformation Q can be regarded as a generalization of Chern character map since it 
is a multiplicative natural transformation of cohomology theories from a height (n + 1) theory to a 
height n theory. There are natural actions of the Morava stabilizer groups G„ and G„+i on M*{X), 
which coincide on the Galois group. Then the invariant submodule H^{Sn+i',V>*{X)) supports a 
natural structure of -Ej^-module with compatible continuous Gn-action. The following is the main 
theorem of this note. 

Theorem A (Theorem l6.1l) . For every spectrum X , there is a natural isomorphism of E* -modules 
with compatible continuous Gn-action 

EUX)^H"{Sn+i;M*{X)). 

For a finite spectrum X , E*{X) with Gn-action can be recovered from E*^^{X) with Gn+i-action. 

The organization of this note is as follows: In f|2] we review the Lubin- Tate's deformation 
theory of formal group laws and the results of |16j . In S|3] we review the relationship between 
the stable natural transformations of even-periodic complex oriented cohomology theories and the 
homomorphisms of their formal group laws. In i]4]we construct a cohomology theory B*(— ) and 
the generalized Chern character map 8. In §[S]we show that the continuous S'„-cohomology with 
coefficients in W{X) is naturally isomorphic to (L/^(„')£'„+i)*(X). In S|6]we prove the main theorem 
(Theorem A) and some generalization. 

2 Formal group laws 

In this section we review the deformation theory of formal group laws. In the following of this note 
a formal group law means a one-dimensional commutative formal group law. 

Let Ri and i?2 be two (topological) commutative rings. Let Fi (resp. F2) be a formal group 
law over Ri (resp. i?2)- We understand that a homomorphism from (Fi,i?i) to (^2,-^2) is a pair 
(/, a) of a (continuous) ring homomorphism a : R2 ^ Ri and a homomorphism f : Fi —> a* F2 in 
the usual sense, where a*F2 is the formal group law obtained from F2 by the base change induced 
by a. We denote the set of all such pairs by 

FGL((Fi,i?i),(^^2,-R2))- 

If Ri and R2 are topological rings, then we denote the subset of FGL((i^i, i?i), (^2,-^2)) consisting 
of (/, a) such that a is continuous by 

FGL^((^^i,i?i),(F2,i?2)). 

The composition of two homomorphisms (/, a) : (i^i,i?i) — > (-^2,^2) and (/3,g) : (-^2,^2) ^ 
(F3, i?3) is defined as {a*g o /, a o /3) : (Fi, i?i) ^ (^3,^3): 

Fi ^ a*F2 ^ a*iP*F3) = {a o p)*F3. 

A homomorphism (/, a) : (Fi,i?i) (-F2,i?2) is an isomorphism if there exists a homomorphism 
(5,/3) : (F2,i?2) ^ (Fi.Ri) such that (/, a) o (5,/?) = {X,id) and (5,/?) o (/, a) = (A, id). Then 
a homomorphism (/, a) : (Fi, Ri) (F2, -R2) is an isomorphism if and only if a is a (topological) 
ring isomorphism and / is an isomorphism in the usual sense. 
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There is a p-typical formal group law iJ„ over the prime field Fp with p-series 

which is called the height n Honda formal group law. Let F be an algebraic extension of the finite 
field Fpn with elements, and we suppose that _ff„ is defined over F. The automorphism group 
Sn of Hn over F in the usual sense is the nth Morava stabilizer group Sn, which is isomorphic to 
the unit group of the maximal order of the central division algebra over the p-adic number field 
Qp with invariant 1/n. We denote by G„(F) the automorphism group of iJ„ over F in the above 
sense: 

G„(F) - Aut(H„,F). 

The automorphism group G„(F) is isomorphic to the semi-direct product: G„(F) = r(F) k S'„, 
where r(F) is the Galois group Gal(F/Fp). 

We recall Lubin and Tate's deformation theory of formal group laws [10] . Let i? be a complete 
Noetherian local ring with maximal ideal / such that the residue field fc = i?// is of characteristic 
p > 0. Let G be a formal group law over k of height n < oo. Let ^ be a complete Noetherian 
local i?-algebra with maximal ideal m. We denote by l the canonical inclusion of residue fields 
k C A/m induced by the i?-algebra structure. A deformation of G to A is a formal group law G 
over A such that l*G = tt*G where tt : A ^ A/m is the canonical projection. Let Gi and G2 be 
two deformations of G to A. We define a ^-isomorphism between Gi and G2 as an isomorphism u : 
Gi — !■ G2 over A such that Tr*u is the identity map between 7r*Gi = t*G = 7r*G2. Then it is known 
that there is at most one ^-isomorphism between Gi and G2. We denote by C{R) the category of 
complete Noetherian local i?-algebras with local i?-algebra homomorphisms as morphisms. For an 
object A oiC{R), we let DEF(A) be the set of all ^-isomorphism classes of the deformations of G 
to A. Then DEF defines a functor from C{R) to the category of sets. Let Rftij = . . . , ^n-il 
be a formal power series ring over R with n — 1 indeterminates. Note that is an object of 

C{R). Lubin and Tate constructed a formal group law F{ti) — F{ti, . . . , t„_i) over such that 
for every deformation G of G to A, there is a unique local i?-algebra homomorphism a : RlUj A 
such that a*F{ti) is ^-isomorphic to G. Hence the functor DEF is represented by -R|ti]: 

DEF(A) -Homc(fl)(i?[t,l,A) 

and F{ti) is a universal object. 

Lemma 2.1. Let F and G be formal group laws of height n < 00 over a field k of characteristic 
p > and if, a) an isomorphism from {F,k) to {G,k). Let R he a complete Noetherian local 
ring with residue field k and a a ring automorphism of R such that a induces a on the residue 
field. Let F (resp. G) he a universal deformation of F (resp. G) over R\ui\ = . . . , u„_i] 

(resp. R\wi\ = R\wi, . . . ,Wn-i\)- Then there is a unique isomorphism {g,P) from to 
(G, i?|wi]) such that (g, (3) induces (/, a) on the residue field and ioa — Poj^ where i : R ^ -Rl^i] 
and j : R RiwiJ are canonical inclusions. 

Proof. First, we show that there is such a homomorphism. Let f{X) G R[X] be a lift oi f{X) g 
k[X] such that /(O) = 0. Set F'{X,Y) = f{F{f-^{X), f-\Y))). Then (F',i?M) is a de- 
formation of a*G. We denote by the ring -R|Mi] with the i?-algebra structure given by 

R^ R-^ Rlu^j. Then {F', R' is a deformation of G. Since G is a universal deformation of 
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G, there exists a continuous i?-algebra homomorphism j3 : R^WiJ R'luij and a ^-isomorphism 
u:F'^ /3*G. Then (5,/?) = (mo/,/3) : (F,i?'MO ^ (G,i?Im,l) is ahft of (/,«) : (F, fc) ^ (G,fc). 

By the same way, we can construct a hft (/i,7) of (/,a)^^. Then (/i,7) o ((/,/?) is a hft of 
{X, id) : (F, k) {F, k). Note that /307 : —> is a continuous i?-algebra homomorphism. 

Since is a universal deformation, {h,^) o {g,(3) = {X,id) by the uniqueness. Similarly, 

we obtain that {g,l3) o (/i, 7) = {X,id). Hence we see that is an isomorphism and a unique 

lift of (7,S) : ^ (G,fc). □ 

Let F be an algebraic extension of Fp which contains Fp^ and Fp^+i. Let W = W{F) be the 
ring of Witt vectors with coefRcients in F. We define to be the ring of formal power series over 
W with (n — 1) indeterminates: 

El=Wlwi,...,Wn-ll 

The ring E^ is a complete Noetherian local ring with residue field F. There is a p- typical formal 
group law Fn over with the p-series: 

[pf-{X) = pX WlXP W2XP' Wn^lXP"'' XP". (2.1) 

The formal group law Fn is a deformation of iJ„ to E^. Furthermore, is a universal 

deformation of (i/„,F). 

Lemma 2.2. The automorphism group Aut'^(i^„, i?,'^) is isomorphic to G„(F). 
We define E'^j^-^ to be a formal power series ring over W with n indeterminates: 

= t^Iui,...,u„i, 

and there is a universal deformation of the height {n+\) Honda group law (iJ„+i, F). 

Let R = E^j^-^jln = F|w„], where /„ = (p, ui, . . . , Let i^„+i = 7r*i^„+i, where tt is the 

quotient map — > -R. Then F„+i is a deformation of to R. The following lemma is easy. 

Lemma 2.3. The automorphism group Kwt'^(Fn+\^R) is isomorphic to G„-|-i(F). 

If we suppose that Fn+i is defined over the quotient field F((m„)) of R, then its height is n. 
Since the formal group laws over a separably closed field is classified by their height, there is an 
isomorphism $ between and i?„ over the separable closure F((m„))'*'^p of F((u„)) (cf. [9l[3]). 
We fix such an isomorphism $. Since $ : Fn+i H„ is a homomorphism between p- typical formal 
group laws, $ has a following form: 

i>0 

Let L be the extension field of F((u„)) obtained by adoining all the coefficients of the isomorphism 
$. So is an isomorphism from (F„+i,L) to (_ff„,L): 

: (F„+i,L) ^ (ff„,L). 

Note that i is a totally ramified Gaois extension of infinite degree over F((u„)) with Galois group 
isomorphic to S'„ ([21 [TO]). 
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In the following of this note we abbreviate G„ — G„(F), Gn+i = G„+i(F) and F = r(F). 
There are quotient maps G„ — ^ F and G„+i — > F. We define G to be the fibre product of G„ 
and Gn+i over F: G = G„ Xp G„+i. Note that there is an isomorphism G = F ix (5„ x 5„+i). 
Then G„+i F k and G„ = F k S'„ are subgroups of G. In |16| we have shown the following 
theorem. 

Theorem 2.4 (of. [IGj §2.4]). The pro-finite group G acts on {Fn+i,L) = {Hn,L). The action of 
the subgroup G„+i on (f„+i,L) is an extension of the action on (i^n+i, i?), and the action of the 
subgroup Gn on (_ff„._L) is an extension of the action on (i/„,F). 

3 Natural transformations of cohomology theories 

Let S be the stable homotopy category. For a spectrum h & S, we denote by h*{—) the associated 
generalized cohomology theory. For spectra h and k, we denote by C(/i, k) the set of all degree 
natural transformation of cohomology theories from h to k. Then C(/i, k) is naturally identified 
with the set of all degree morphisms from h to k in S. 

Definition 3.1. Let i? be a commutative ring. A topological i?- module M is said to be linearly 
topologized if M has a fundamental neighbourhood system at the zero consisting of the open 
submodules. A linearly topologized i?-module M is said to be linearly compact if it is Hausdorff 
and it has the finite intersection property with respect to the closed cosets A topological ring R is 
linearly compact if R is linearly compact as an i?-module. (cf. [51 Definition 2.3.13]). 

Example 3.2. A linearly topologized compact Housdorff (e.g. profinite) module is linearly com- 
pact. If i? is a complete Noethcrian local ring, then a finitely generated i?-module is linearly 
compact. In particular, a finite dimensional vector space over a field is linearly compact. 

Lemma 3.3 (cf. [51 Corollary 2.3.15]). Let 1 be a filtered category. The inverse limit functor 
indexed by I is exact in the category of linearly compact modules and continuous homomorphisms. 

For a graded commutative ring h*, we say that h* is even-periodic if there is a unit u G 
of degree (—2) and h°'^^ = 0. Note that h* — h°[u^^] if h* is even-periodic. We say that a 
commutative ring spectrum h is even-periodic if the coefficient ring h* = h*{S^) is even-periodic. 
For a spectrum X & S, let A{X) be the full subcategory of the comma category (5 J, X), whose 
objects are maps X\ X with X\ finite. Then A{X) is an essentially small filtered category (see 
[i Definition 2.3.7]). 

Lemma 3.4. Suppose that h is an even-periodic commutative ring spectrum with Noethcrian 
and linearly compact. Then there is a natural isomorphism 

h*{X) ^ lim h*{Xx) 

for any spectrum X, where the inverse limit on the right hand side is taken over A{X). 

Proof. Since h*{X\) is a finitely generated module over h* for a finite spectrum X\, it is a lin- 
early compact module. Then livah* {X\) is a cohomology theory by Lemma 13.31 (cf. 6, Proposi- 
tion 2.3.16]). The natural transformation h*{X) \imh*(Xx) of cohomology theories gives an 
isomorphism for X = S'^. Therefore it is an isomorphism for all X. □ 
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By Lemma [3.41 if h is even-periodic and /i" is Noetherian linearly compact, h*{X) naturally 
supports a structure of linearly compact module over h* for all X. 

Let p be a prime number and BP the Brown-Peterson spectrum at p. Let h* be a graded 
commutative ring over Z(p-) . We suppose that there is a p-typical formal group law i^^ of degree (—2) 
over h* . Since the associated formal group law Fgp to BP is universal with respect to p- typical 
ones, there is a unique ring homomorphism r : BP* — > h* . Then the functor h* (E>bp* BP*{—) is a 
generalized cohomology theory on the category of finite spectra if p, wi , W2, . . . is a regular sequence 
in h* by the Landweber exact functor theorem [S]. We say such a graded commutative ring h* is 
Landweber exact over BP* . For any spetrum X, Lemma suggests to define 

h*{X) = h*®BP-BP*{X) 

= Yim{h* ®BP' BP*{Xx)), 

where the inverse limit is taken over A(X). 

Lemma 3.5. Suppose that h* is an even-periodic Landweber exact graded commutative ring over 
BP* . Furthermore, suppose that h^ is Noetherian and linearly compact. Then the functor h*{~) 
is a complex oriented commutative multiplicative cohomology theory. 

Proof. It is easy to see that h*{~) takes coproducts to products. The exactness of h*{~) follows 
from Lemma [3.31 (cf. [6, Proposition 2.3.16]). Hence h*{—) is a commutative multiplicative coho- 
mology theory. The natural transformation BP*{~) h*{~) gives us an orientation of ). □ 

Definition 3.6. Let h and k be commutative ring spectra. We denote by Mult(/i, k) the set of all 
multiplicative natural transformations of cohomology theories from h*{—) to k*{—). If h*(—) and 
k*{—) have their values in the category of linearly compact modules, then we denote by Mult'^(/i, k) 
the subset of Mult(/i, k) consisting of 9 such that 9 : h*{X) k*{X) is continuous for all X. 

If h*{—) is a complex oriented cohomology theory, then the orientation class Xh £ h'^{CP°°) 
gives a formal group law Fj^ of degree 2. Furthermore, if h is even-priodic, then a unit u £ h^^ 
gives a degree formal group law by Fh,{X,Y) = uFl^{u~^ X , u~^Y) . In the following of this 
section we suppose that h and k are even-periodic complex orientable commutative ring spectra. 
Furthermore, we fix a unit u G h~'^ (resp. v S fc~^) and an orientation class Xh 6 h^{CP°°) 
(resp. Xk G fc^(CP°°)). Then we obtain a degree formal group law Fh (resp. Fk) associated 
with h (resp. k) as above. A multiplicative natural transformation 9 : h*(—) k*{—) gives a ring 
homomorphism a : h^ ^ k^ and an isomorphism f : Fk ^ o* Fh of formal group laws. Note that 
f{X) = 9{u)f{v-'^X), where f{Xk) = 9{Xh). In particular, /'(O) = 9{u)v-^ is a unit of Hence 
we obtain a map from Mult(/i, k) to FGL((Fa.., {Fh,h°)): 

S : Mult(/i, k) ^ FGL((Ffc, fc"), {Fh, h°)). 

If h^ and fc" are Noetherian and linearly compact, then S induces 

: Mult^(/i, k) ^ FGL^((^^fc.fc"), (F,,, h°)). 

Remark 3.7. Let /i" and be Noetherian linearly compact rings. If 6* G Mult(/i, fc) induces a 
continuous ring homomorphism h^ ^ k^ , then 9 G Mult'^(/i, k). 
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Proposition 3.8. Suppose that h* and k* are even-periodic Landweber exact graded commu- 
tative rings over BP^. Then the map S : Mult(/i, /c) — > FGh{{Fk, kg), (Fh, hg)) is a bijec- 
tion. Furthermore, if and k'^ are Noetherian and linearly compact, then S"^ : Mult'^(/i, fc) — > 
FG'L'^{{Fk, ko), (Ffi, ho)) is also a bijection. 

Proof. This follows from the Landweber exact functor theorem and the fact that the graded com- 
mutative ring BP^ {BP) represents the set of all triples {F, f, G) where F, G are p- typical formal 
group laws and / is a strict isomorphism betweent them. □ 



4 The generalized Chern character G 

In this section we construct the generalized Chern character O, which is a multiplicative natural 
transformation of cohomology theories from the height (n-f 1) cohomology theory £",*+!(—) to the 
height n cohomology theory C*(— ), which is a coefficient extension of £'*(—). 

We recall that F is an algebraic extension of Fp which contains the finite fields Fp^ and F^n+i. 
Also recaU that i?° = W^|i«i, . . . , Wn-ij and -E^+i = • • • , Un], where W is the ring of Witt 

vectors with coefficients in F. We define graded commutative rings i?* and by £'* — E^[u^^] 

and = where \u\ = ~ —2. Hence we have 

E* = Wlwi,...,Wn-lj[w^'], 

K+1 = Wlu,,...,u„J[u±^]. 

The p-typical formal group law F^ over E!^^ gives a ring homomorphism r.^i '. B P^ > E^ , which 
is given by rn{vi) — Wiw'^P^^^^ (1 < « < n),rn{vn) — r„(wi) = (i > n). Also, the 

p-typical formal group law Fn+i over E^l^i give a ring homomorphism r„+i : BP* E*_^_i, which 

is given by rn+i{vi) = mu'^^''^^ (1 < « < n) , r^+iivn+i) = u'^P"^^~^\rn+i{vi) = {i > n + 1). 
Then we can regard E*^ and E*^^^ as even-periodic Landweber exact graded commutative rings 
over BP* through the ring homomorphisms r„ and r^+i, respectively. Furthermore, since and 
are Noetherian local rings, they are linearly compact. Hence E*{—) = E*(E)bp* BP* {—) 
and ) = E'!^_^-^®bp* BP* {—) are complex oriented commutative multiphcative cohomology 

theories by Lemma 13.51 

Let A = {W{{un)))p be the p-adic completion of W^((u„)), the ring of Laurent series over W. 
Then A is a complete discrete valuation ring with uniformizer p and residue field M = F((m„)). 
In particular, A is a Henselian ring. We recall the following lemma on Hcnsclian rings. 

Lemma 4.1 (cf. |14[ Proposition 1.4.4.]). Let R be a Henselian ring with residue field k. Then the 
functor R ^ S ®fi k induces an equivalence between the category of finite etale R-algebras and the 
category of finite etale k-algebras. 

In [16l §2.3] we have constructed a sequence of finite Galois extensions of F((m„)): 

F(K)) = L(-I) ^ L(0) ^ L(l) ^ • • • , (4.1) 

where L{i) is obtained by adjoining the coefficients $0: 'i'l, • ■ ■ , 'i'i of the isomorphism $ : F„+i ^ 
Hn of formal group laws. We denote by Sn{i) the Galois group for L{—\) — > L{i). Then S'„(i) is 
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a finite group of order (p — l)p^, and Sn = lira Sn{i)- We let Sn'' be the kernel of the canonical 

< i 

surjection Sn Sn{i)- By definition, L = lim L(i) = Uii(i), and F(('u„)) — > L is an infinite 

n 

Galois extension with Galois group Sn. Note that L{i) is stable under the action of G for all i. 
By Lemma [4. 11 we obtain a sequence of finite etale A-algebras: 

A = B{-1) B{0) B{1) ->•■•. 

We denote by B{oo) the direct limit lim B{i) and B the p-adic completion of B{oo). 

n 

Lemma 4.2. The ring B is a complete discrete valuation ring of characteristic with uniformizer 
p and residue field L = lim L{i). 

>i 

Proof. Since L{i) is a separable extension over F((m„)), we can take a G L{i) such that L{i) = 
F((M„))(a). Let f{X) G F((u„))[X] be the minimal polynomial of a and /(X) G ^[-'^] a monic 
polynomial which is a lift of fiX). Then ^ Then we see that B{i) is a complete 

discrete valuation ring with uniformizer p and residue field L{i). This implies that B{oo) is also a 
discrete valuation ring with uniformizer p and residue field L. Then the lemma follows from the 
fact that B is the p-adic completion of B{oo). □ 

We abbreviate Bfwi, . . . ,Wn-i] and Bfui , . . . , Un~i} by -Bl^i] and respectively, etc. 

Then we obtain a sequence of finite etale ^[uij-algebras: 

AKi = ^ i?(o)K] ^ 5(1) Ki • ■ • , 

and -B|ui] is the /„-adic completion of lim where /„ = (p, ui, . . . , u„_i). 

— >j 

We define an even-periodic graded commutative ring A* by 

A* =^|ui,...,u„][m±1]. 

There is a canonical inclusion ^ A*, and the ring homomorphism BP* E*^+i ^ ^* 

satisfies the Landweber exact condition. Also, the degree subring A*^ = v4|ui] is a complete 
Noetherian local ring. Hence A*(— ) = A*^bp*BP*{—) gives a complex oriented commutative 
multiplicative cohomology theory by Lemma 13.51 We denote by A the representing commutative 
rings spectrum of A*(— ). Then the canonical inclusion E*_^_i ^ A* induces a ring spectrum map 

En+l A. 

Lemma 4.3. A is equivalent to Lj^(^n)En+i o-s a commutative ring spectrum. 

Proof. There is a tower {M(/)}/ of generalized Moore spectra of height n such that Lx{n)X — 
holim/L„X AM{I) for any spectrum X (cf. [71 Proposition 7.10(e)]). In paricular, L^(„)ii^„+i ~ 
holim/ LnE'n+i A M{I). Then 7r,Lx(n)^'n+i — ^NiHu^^]. Hence we can identify the localization 
map En+l Lx(n)En+i with the ring spectrum map En+i A. □ 

We define an even-periodic graded commutative ring B* by 

B* = B|ui,...,u„][u±i]. 

There is a canonical inclusion A* ^ C*, and the ring homomorphism BP* ^ A* ^ B* satisfies 
the Landweber exact condition. Also, the degree subring B" = -B|ui] is a complete Noetherian 
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local ring. Hence B*(— ) = M*^bp*BP*{—) gives a complex oriented commutative multiplicative 
cohomology theory by Lemma 13.51 We denote by B the representing commutative rings spectrum 
of IB*(— ). Then the following lemma is clear from the construction. 

Lemma 4.4. There is a natural isomorphism M*{X) = B*(g)A»A*(X) = lini B* (E)A' A*{X\) for 
all spectra X , where the inverse limit is taken over A(X). 

We define an even-periodic graded commutative ring C* by 

There is a canonical inclusion £"* ^ C*, and the ring homomorphism BP* — > C* satisfies 

the Landweber exact condition. Also, the degree subring = i^I^i] is a complete Noetherian 
local ring. Hence C*(— ) — C*^bp*BP*{—) gives a complex oriented commutative multipHcative 
cohomology theory by Lcmma l3.5l Then the following lemma is clear from the construction. 

Lemma 4.5. There is a natural isomorphism C*{X) = C*0_E'i?*(X) = lim C* (X)_e' E*{Xx) for 
all spectra X , where the inverse limit is taken over A(A"). 

The ring homomorphism — > A* ^ B* give a formal group law F„+i over B" = 
and the ring homomorphism i?* — * C* gives a formal group law Fn over C° = -B|it;i]. 

Lemma 4.6. The formal group laws {Fn+i, B\ui\) and {Fn, B\wiY) are universal deformations of 
{Fn+i,L) and {Hn, L) , respectively, on the category of complete Noetherian local B-algebras. 

Proof. From the fact that (F„,i?,°) is a universal deformation of (i?„,F), it is easy to sec that 
(Fn, Blwil) is a universal deformation of {Hn, L). From the form of the p-series of F^+i given by 
(|2.ip . we see that {Fn+i,B\ui\) is a universal deformation of {Fn+i,L). □ 

Corollary 4.7. The action of Gn+i on {Fn+i, E^^^) extends to an action on {Fn+i,B\ui\) such 
that the induced action on {Fn+i,L) coincides with the action of Theorem \2.4\ 

Proof. It is sufficient to show that the action of G„+i on E'^^j^^ extends to an action on For 
g £ Gn+i, ufj is a unit multiple of m„ modulo {p,ui, . . . , m^). Hence the ring homomorphism 
(-£'n+i["n^])/„ — extends to a ring homomorphism En+i[un^] — » A\ui\ 

This induces a ring homomorphism ^|iti] — » and defines an action of Gn+i on Since 

B{j)\ui\ B{j + is etale for j > —1 and L{j) is stable under the action of G„+i on L, the 

action on extends to i?(j)|iti] uniquely and compatibly by Lemma ITTl Hence we obtain an 

action on lim and its /„-adic completion □ 

— 

^ We denote the action of G„+i on by T{g) = {t{g),v{g)) : (F„+i, 

{Fn+i,Blu4) for g e G„+i. 

Corollary 4.8. The {n + l)th extended Morava stabilizer group G„+i acts on the cohomology 
theory M*{—) as multiplicative cohomology operations. 
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Proof. This follows from Proposition 13.81 □ 

There are isomorphisms Sn = Gal(i/F((u„))) and G„ = Gal(L/Fp((u„))) through the action 
of G„ onL (cf. HHS]). 

Lemma 4.9. The action of Gn on L lifts to the action on B. 

Proof. Since L{i) is stable under the action of G„ on L for all i > —1, the action of G„ on L{i) 
lifts to the action on B{i) compatibly by Lemma [4. II This induces an action on B{co). Since B 
is the p-adic completion of B{oo), we obtain an action on B which is a lift of the action on L. □ 

We denote this action of G„ on B by r(g) : B B ioi g £ Gn- Since the actions of G„ on 
and B are compatible on W, the diagonal action defines an action of G„ on Sfwi] = B^wE^- 
Then we obtain an extension of the action of G„ on (F„, to (F„, i?|-u;i]). We denote this action 
of G„ on by n{g) = {s{g),u;{g)) : (i?„,SKl) (F„,S|u;,l) for g e G„. 

Corollary 4.10. The nth extended Morava stabilizer group G„ acts on C*(— ) as multiplicative 
cohomology operations. 



Proof. This follows from Proposition 13.81 □ 

Lemma 4.11. There is a unique isomorphism ($,^) : ^ {Fn, Bfuuij) such that Ip 

is a continuous B-algebra homomorphism and $ induces on the residue fields. 

Proof. Since there is an isomorphism ($,4^^) '■ {Fu+ItL) {Hn,L), the lemma follows from 
Lemma 12.11 □ 

Lemma 4.12. For g G Gn, there is a commutative diagram: 

iFn+i,Blu4) '""^'^^ {Fn+uBlu4) 

(F„,BM) ^ (F„,i?M), 

where 9{g) : B\ui\ — > B\ui\ is given by 9{g){b) = T{g)[b) for b e B and 0{g)[ui) ~ Ui for 
1 < Ui < n. 

Proof. Note that {9(g) o ip)\g — T(g) — (Jf o uj{g))\B. The diagram induced on the residue field is 
commutative by definition of the action of G„ on [Fn+i,L) = (iJ„,L). Then the lemma follows 
from the universality of (F„, Biwi]). □ 



Lemma 4.13. For g G Gn+i, there is a commutative diagram 

{Fn+1,B 



{Fn,Blw4) {Fn,Blw4), 
where ^{g) is given by ^{g){b) = lp^^{v{g){b)) for b £ B and fi{g){wi) — Wi for 1 < i < n. 
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Proof. Note that iv{g) o ip)\s — v{g)\B — {fo fi[g))\B. The diagram induced on the residue field is 
commutative by definition of the action of Gn+i on [Fn+i, L) ^ (i?n, L). Then the lemma follows 
from the universality of (F„, B|it;i]). □ 

Corollary 4.14. The profinite group G acts on (F„+i, = (F„,i3|wi]) such that the action 

of the subgroup Gn+i coincides with T, and the action of the subgroup Gn coincides with Q. 

Proof. We have the action T of Gn+i on and the action ^l of G„ on {Fn, Blwij). 

The action of the subgroup F of G„+i on (F„+i, coincides with the action on (F„, as 

the subgroup of G„ under the isomorphism ($, (p). Hence it is sufficient to show that the following 
diagram commutes for g G 5'„-|_i and h G S^. 



rig) 



Note that the induced diagram on the residue field L commutes. 

Since < e £;0+i C 5^, {e{h) o v{g)){u,,) = < - {v{g) o e{h)){un). Hence {e{h) o v{g))\A = 
{v{g) o 6(h))\A. From the fact that B{i) is an etale A-algebra, -B|ui] is complete, and the induced 
homomorphisms on the residue field coincide, we see that {0(h) o = {v{g) o f?(/i))|_B(i) for 

all I. Hence {9 (h) o vig))\ 3(00) = {v{g) o 9{h))\B^^) and i0{h) o v{g))\B = iv{g) o e{h))\B. Then 
the corollary follows from the universality of {Fn+i, Bluij). □ 

Theorem 4.15. The profinite group G acts on the multiplicative cohomology theories C*(— ) and 
B*(— ). There is an natural isomorphism of multiplicative cohomology theories 

M*{X) = C*iX), 

with Gr-action for all spectra X . 

Proof. This follows from Proposition 13.81 and Corollary 14. 141 □ 



There is a ring spectrum map £",1+1 Lx{n)En+i = A ^ B. By Lemma 14 . 5 1 and Thcorcm l4.15l 
this induces a multiplicative natural transformation of cohomology theories 

e : £;:+!(-) B*(-) - C*§B.i?:(-). (4.2) 

Note that Q is equivariant with respect to the action of G when we consider that G acts on 
the left hand side through the projection G Gn+i- We say that 8 is a generalized Chern 
character since it is a multiplicative natural transformation from the height (n + 1) chomology 
theory -E'*_|_i(— ) to the height n cohomology theory B*(— ) = C*(— ), which is a coefficient extension 
of E*(^). Furthermore, the inclusion E* ^ C* induces a multiplicative natural transformation of 
cohomology theories 

/ : E*J-) C*^E'„E*{-) = B*(-). 

Then / is equivariant with respect to the action of G when we consider that G acts on the left 
hand side through the projection G —^ Gn- 
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5 The cohomology group i7*(S'„; B*(X)) 



In this section we show that the continuous cohomology of the nth Morava stabilizer group Sn with 
coefficients in the cohomology group M*{X) is naturally isomorphic to A*{X) for every spectrum 
X. 

In this section we give the graded commutative rings A* and B* the /„-adic topology. In 
particular, the degree residue fields K and L are discrete. Let h — A or M. Since /i° is a complete 
Noetherian local ring, it is linealy compact. By Lemma [3.41 h*{X) = lim h*{X\), where the 

inverse limit on the right hand side is taken over A{X). Let {F^ h* {X)}s^^(^x) be a family of h*- 
submodules of h*{X) consisting of the kernels of h*{X) h*(Z), which is induced by some map 
from a finite spectrum Z to X . Then A{X) is a directed set by the reverse order of inclusions. 
For any {Xx X) G A(X), there is a unique 6 e A{X) such that F^h*{X) is the kernel of 
h*{X) h*{Xx). This defines a functor A{X) -> A(X); A i-> S{X), which is final (cf. 11, IX.3]). 

Hence we see that h*{X) = lim h*{X)/F^h*{X). In this section we regard h*{X) as a filtered 

< — s 

module by the filtration 

{F'h*{X) + /;/^*(X)}(5,,)eA(X)xNo, (5.1) 

where No is the set of non-negative integers. Note that h* {X) / (F^ h* {X) + I^h*{X)) is a finitely 
generated Artinian ft.*-module. Then h* (X) / F^ h* {X) is isomorphic to lim h* (X) / {F^ h* {X) + 

r^h*{X)). This implies that is isomorphic to lim lim h* {X) / {F^ h* {X) + T^h* {X)) . Hence 

< (5 < r 

the filtration (|5.ip of h*{X) is complete Hausdorff. 

Let B(j)" = _B(j)|ui] for j > —1. By Lemma [4.1[ the sequence of Galois extensions (j4.ip 
induces a sequence of finite Galois extensions of commutative rings: 

A" = B(-l)" ^ B(0)° ^ B(l)° ^ • • . , 

and the Galois group for the extension A" B(i)" is Sn{i)- Let B(oo)° be the direct limit of the 
sequence: B(oo)° — lim B(i)" = UiB(i)". Then B" is isomorphic to be the /„-adic completion of 

B(oo)0: 

B° = (B(oo)°)?^. 

Recall that an A*-module M is pro-free if M is the /„-adic completion for some free module. 
Let S = {s = (so, si, . . .)} be a set of multi-indexes such that < so < p", < s; < p" (i > 1). 
For s G S*, we set _ _ _ 

$(s) ... . 

Then B(oo)* is a free A*-module with basis {$(s)}sg5. Hence we obtain the following lemma. 
Lemma 5.1. B* is pro-free over A* with topological basis {$(s)}sg5. 

Lemma 5.2. Let A be an essentially small filtered category, and let {Ma}agA be a A-diagram of 
finitely generated A* -modules such that lim AIx = 0. Then lim (B* >Sia* Mx) = 0. 
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Proof. Since B*(8)A- Ma is a finitely generated!* -module, B*®a*Ma = B*§a*Ma ^ B(cx))*®a-Ma. 
Then there is an injection 



A 



B(oo)*gA.MA = 0Ma{$(s)} ^ n^'^^- 
\ S //„ s 

This induces an injection 

lim (B* 0A* A/a) ^ lim I I I A/a I = I I I lim Ah I = 0. 



iim(nAfA)-n( 



Hence lim (1* ®a. A^a) = 0. □ 

A 

Lemma 5.3. M*/i;fi* ^ B(oo)*//;;B(oo)* for every r. 

Proof. See the proof of Theorem A.l]. □ 

Proposition 5.4. There is a natural isomoprhism W{X) = B*(g)A- A*(X) for every spectrum X. 

Proof If X is finite, then B* 0a. A*{X) is finitely generated over B*. Hence B*®a.A*(X) = 
B* (g)A. A*{X) ^ M*{X). For general X, by definition, 

B*§A*A*(X) ^ lim (B7Z,';B*) ®a* (A*(X)/i^*A*(X)). 

< S,r 

Since A*(X)/F'^'A*(X) is finitely generated over A*, lim (B*//;B*) 0a- iA*{X)/F^A*{X)) is 

■< r 

isomorphic to B* ^a- iA*{X)/F^A*{X)). By the fact that A{X) A{X) is a final functor, 
lim^B* (g)A- {A*{X)/F^A*{X)) ?5^1im^B* 0a- {A* (X)/ F^'-^^ A* (X)). 

Let A^A be the cokernel of the injection A*(X)/F'^(^)A*(X) A*(Xa). Then hm Mx = since 
lim A*(X)/i^'^(^)A*(X) ^ lim A*(Xa). By Lemma[53 lim B* 0a- Mx ^ 0. Since A* ^ B* is flat 
by [la Lemma 23.1], this implies that lim^ B* 0a* (A*(X)/i^*(^)A*(X)) = S*{X) □ 

Let TV be a B*-module with filtration {F^ N}s(za, where A is a directed set given by the reverse 
order of inclusion. For each S we suppose that N/F^N is finitely generated and F^N/F^N = for 
some r. Furthermore, we suppose that the filtration is complete Hausdorff. Let Map^(5„, A^) be 
the set of all continuous maps from 5„ to the filtered module N . Then Map^(5„, N) is a B*-module 
by using the B*-modulc structure on N . Note that there is an exact sequence of B*-modules 

^ Map^(S'„, F^N) — > Map^(S'„, N) — > Map^(S'„, N/F^N) ^ 



for any (5 G A. We define a filtration on Map^(5„,7V) by {Map^(5„, F''A^)}5gA- Since there is 
an isomorphism Map^(S'„, iV) ^lim Mapj,(S'„, A/i^ A^), this filtration is complete Hausdorff. For 

< — 5 

n 6 G A^0a*B*, the map g ^ n ■ g(h) defines a map N 0a* B* Map(S'„, N). By Lemma lOl 
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b mod /;B* is contained in B(i)*//;;B(i)* for some i. Then g{b) = b mod /^B* for g G Si!'. 
This shows that the map N ®a* B* ^ Map(S'„, A^) factors through Mapc(S'„, iV). Then this map 
extends to a map 

N^A'M* ^Map,(5„,iV). 

Note that the map is a B*-module homomorphism if we regard the left hand side as a B*-module 
by using the B*-module structure on N. 

Proposition 5.5. N^a-^* ^ Map^(S'„, TV). 

Proof. If iV = B* with filtration {/;B*}^>o, then by Lemma [O] 

B*§A*B* = hm (B*//;B*)(^a- (B*//;B*) 

9^ hm (B(c5o)V/;;B(cx))*) (B(c5o)V/,';B(cx))*) 

= hm Km (b(i)V/;b(z)*) ®a- (B(i) v/;;b(z)*). 

Since A* — > B(z)* is a Galois extension with Galois group Sn{i) there is an isomorphism 

(B(z)7/;B(z)*) ®a. mir/i;M^r) = Map(^„(*),B(»)7/,';B(z)*), 

which is given by a; ® y i— > (g i— > a: • g{y)). Hence we obtain 

B*§A*B* ^ lim lim Map(S'„(i),B(i)*//,';B(?;)*) 

= limMap^(S'„,B(cx))*//,';B(cx))*) 

= Map,(5„,B*). 

For N general, we have a sequence of isomorphisms: 

iV^A-B* = A^®B-B*®A-B* 

^ Af§B*Map,(5„,B*) 

= Map,(5„,7V). 

This completes the proof. □ 

p p 

"'^^ ^ ' " ^ 

We set B*®P = B*®a Oa-B* and 5? = x • • • x 5„. We define a continuous B*-algebra 

map B*«^(P+i) ^ Map^(S'P,B*) by 

p 

(6o ® &1 «) ■ • • ® ^p) 1-^ ((51, • ■• ,5p) ^ ' ■ 

where the B*-algebra structure on B*'^(p+^^ comes from the first left factor. By applying Proposi- 
tion [521 repeatedly, we obtain the following corollary. 

Corollary 5.6. B*®(p+i) ^ Map^(5P,B*) is an isomorphism. 
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Corollary 5.7. There is an isomorphism B*®p®a*A^ — > Ma,p^{SP, N) , which is given by 
bo'Si---'»bp-i'»n^ ^{gi,...,gp) ^ ^ J| ffi • ■ ■ ffj(^^j)^ ■ 91 ■ ■ ■ gpin)^ ■ 

For a topological module M with continuous S'„-action, we denote by C^(S'„; M) the set of all 
continuous maps from to AI: 

CP(5„;M) = Map,(5P,M). 
Then we define a differential dP : CP{Sn; M) — > CP+^{Sn] M) by 

dP{v){gi-,---,9p+i) = 91 ■ f{92,- ■ ■ ,gp+i) 

+ Er=i(-l)V(5i, ■ • -,9191+1, ■ ■ ■,9p+i) 
+ (-ir+V(5i,---,5p)- 

Then C*{Sn',M) = {CP{Sn; M),dP}p>o forms a cochain complex and the continuous cohomology 
of Sn with coefficients in M is defined to be the cohomology of C*{Sn', M): 

HP{Sn;M) ■.^HP{C:{S,,;M)). 

Since the Morava stabilizer group S'„ acts on M*{X) as cohomology operations, M*{X) is a 
complete Hausdorff filtered B*-module with compatible continuous 5„-action. 

Proposition 5.8. There is a natural isomorphism of cochain complexes: 
for every spectrum X . 

Proof. By Proposition 15.41 there is a natural isomorphism M*{X) = B*®a»A*(X). This isomor- 
phism is actually an isomorphism of 5'„-modules, where the S'„-action on A*{X) is trivial. Then 
the proposition follows from Corollary 15.61 and Corollary 15. 71 □ 

By taking the coefficient of 1 = $q$5 • • ■ with respect to the topological basis {<&(s)}sgs, 
there is a continuous A*-module homomorphism e : M* A* , which giyes a splitting of the unit 
77 : A* ^ B*. By Corollary EJl Cp(S'„;B*) = Mapc(S'P,B*) = B*®(p+i). Then dP corresponds to 
the map rfP : B*®(p+i) B*®(p+2) giyen by 

P+i 

dP{bo (g) bi (g) ■ ■ ■ (S) bp) = ^(-l)'6o (8) ■ • ■ 6^_i (g) 1 6^ (g) ■ • ■ 6p. 

i=0 

Define a continuous A*-module map : B*®(p+2) M*^(P+i) by 

sP{bo (g) • • • (K) bp+i) = £(60) • 5i (g • • • (g bp+i, 
where e : B* ^ A* is the splitting of the inclusion rj : A* ^ B*. 
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Lemma 5.9. The sequence 

O^A*-^M*-^ B*®2 ^ B*®3 — , ... (5.2) 
is a split exact sequence of complete Hausdorff filtered A* -modules. 

Proof. It is easy to check that sPdP + d^^^s^^^ is the identity map of 1*®'^+^) for p > 0. Further- 
more, s°d° + Tye = idi* and erj — idf^^- . These show that (|5.2p is a spht exact sequence. □ 

By applying the functor (— )®a-A*(X) to the spht exact sequence (|5.2p and by using Proposi- 
tion [5?H1 we obtain the foUowing coroUary. 

Corollary 5.10. For every spectrum X , the sequence 

O^A*(X) ^C,"(5„;B*(X)) -^Ci(5„;B*(X)) ^C2(5„;B*(X)) 

is a split exact sequence of complete Hausdorff filtered A* -modules. 

Hence we obtain the foUowing theorem. 

Theorem 5.11. For every spectrum X, i/*(>5'„; B*(X)) = for i > 0, and there is a natural 
isomorphism of Gn+i-modules 

H°{Sn]M*{X))=A*{X). 

6 Comparison of B*(X) and ^*(X) 

By Lemma [4. 131 there is a natural injective map of Gn-modules E*{X) — > H'^{Sn+i',Vi*{X)). In 
this section we prove the foUoing theorem. 

Theorem 6.1 (Theorem A). For every spectrum X , there is a natural isomorphism of E* -modules 
with compatible continuous Gn-action 

E*{X) ^ H"{Sn+i;M*{X)). 

For a finite spectrum X, E*{X) with Gn-action can be recovered from E*_^-^{X) with Gn+i-action. 

Let 5 be a complete Noetherian local ring, and R a subring which is also a complete Noetherian 
local ring. Suppose that the inclusion i? ^ S* is a flat local homomorphism, and the maximal ideal 
ms of 5* is generated by the maximal ideal ran of R: miiS — mg. In this case S is faithfully flat 
over R by 12, Theorem 7.2]. Hence i?/tn^ S/m]^S — S/vng is also faithfully flat by base change, 
and in particular injective. Let G be a group acting on S as ring automorphisms. Suppose that R 
is contained in the fixed subring S'^ — H^{G; S). 

Lemma 6.2. If R/mR = then R = . 
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Proof. Since H°{G; S) ^ lim H°(G; S/m].), it is sufficient to show that R/m]^ = {S/myf for all 

i. We prove this by induction on i. Assume that the i — I case is true. There is a commutative 
diagram: 

^ m^-Vmk ^ i?/mk ^ R/xtC^' ^ 

Note that the middle vertical map is injective, and the right vertical map is an isomorphism by 
the hypothesis of induction. Since ms = maS, the S'/mg-module m'^s'^/^s generated by the 
(i — 1) products of generators of xriR. Hence we can take a basis of m^^^ /m^g consisting of elments 
in the image of the left vertical map. Then (S'/ms)'^ = R/vhr implies that the left vertical map is 
surjctive. Hence we see that the middle vertical is an isomorphism. □ 

Lemma 6.3. H°{Sn+i; L[u^^]) =F[w^^]. 

Proof. Let M,\ = v-l,BP,/{p, vi, . . . , Vn-i,v^). By [H Theorem 5.10], Ext^p^ (^p) (BP* , M,l) is 
the direct sum of the finite torsion submodules and the i4r(n)^/fc(n)^ generated by 1/f^, j > 1 
as a A:(n),-module. Then as in [16, §5.3] i7°(S'„+i; F|u„] = F[w„]. By [H Lemma 5.9], 
{Sn+i;F{{un))[u'^^]) is the localization of i?°(5'„+i; F|u„] [u='=^]) by inverting the invariant ele- 
ment Vn. Hence F((u„))[u='=^]) = F[w^^]. By [16, Lemma 3.7], w = $^^1* G L is invariant 
under the action of Sn+i- Let a be a degree 2n invariant element in L[u^^. Then b = aw" 6 L is 
also invariant. Let (p{X) G F((u„))[X] be the minimal polynomial of b. Then ip{b) — 0. Since 6 is 
invariant under the action of Sn+i, (f'^ib) — for all g G Sn+i- Hence (l>^{X) is also the minimal 
polynomial of b. This implies that (piX) is a polynomial over i?'^(5'„+i; F((m„))) = F. Hence 
6 G F n L = F. This completes the proof. □ 

Corollary 6.4. ForO<i<n, i7"(S'„+i; B*//,) = E^JIi. 

Proof. Since E* ^ B* is a flat local homomorphism, E*^/Ii M* / li is faithfully flat. In particular 
it is injective. By Lemma|Hl K C iJ*'(5„+i; B*). This implies that E*/h C H°{S„+i;M* /I,). 
Then the corollary follows from Lemma and Lemma [6.31 □ 

Let M be a finitely generated £:*-module. Note that B*§)£.M = B* (g)_B- M. The action of 
Sn+i on M* and the trivial action on M defines an action of Sn+i on B*®£;*M. 

Lemma 6.5. Suppose that M has a finite filtration M — Mq D Mi D ■ ■ • D Ms — such 
that each quotient A/i/Afi+i is isomorphic to (suspention of) E*/Ik for some < k < n. Then 
ffO(S'„+i;B*g£;.A/) = M. 

Proof. We prove the lemma by induction on the length of filtration. Assume that it is true if the 
length of filtration is less than s. Suppose that M has length s. Then there is a exact sequence 
of i^i^-modules: ^ N ^ M ^ M /N 0, where N has length s — 1 and M/N is isomorphic to 
E*/Ik. This induces the following commutative diagram: 

^ N — > M — > M/N 

(B* 0M/iV)^"+i. 



(B* ® M)' 
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The right vertical arrow is an isomorphism by Lemma and the left vertical arrow is an isomor- 
phism by the hypothesis of induction. Hence the middle vertical arrow is also an isomorphism. □ 

Corollary 6.6. For any finite spectrum X, E*^{X) ^ ff°(S'„+i;B*(X)). 

Proof. By Landweber filtration theorem, there is a finite filtration of i?P*-modules: BP*{X) ~ 
Fq D i^i D • • • D = such that each quotient Fi/Fi^i is isomorphic to (supsension of) BP* /Ik 
for some fc. Since E*{X) = E*(g)BP'-BP*{X), there is a filtration F*(X) = F/^ D F{ D ■ ■ ■ D Fl ^ 
such that F^/Fl_^_i = E*/Ik for some < fc < n. Then the corollary follows from Lemma [6?5l □ 

Proof of Theorem \6.1\ Since £"* and B* are complete Noetherian local rings, E*-^{X) ^ Im E'^{X\) 
and M*{X) ^ hm M*{Xx). Then Theorem lO follows from Corollary EH and the fact that m*{X) = 
B* •»e:^^^ E*^^{X) for a finite spectrum X. □ 

Remark 6.7. Let p be an odd prime number. By the same method as above, we can show that 
there is a natural isomorphism 

(F„//,)*(X) ^ H^iSn+i; (B//,)*(X)) 

of G„-modules for all spectra X and < i < n. 

For TO = n or n + 1, we define a pro-obeject E*^{X) of finitely generated i?^-modules with 
compatible continuous Gm-action to be the system 

E;,(x) = {i?;„(XA)}AeA(x). 

Note that there is a natural isomorphism E*^{X) ^ lim E*„(X). For a finite spectrum Xx, 
M*{Xx) = B* ®E*^^, £;*+i(Xa). By Theorem O the fintiely generated F^-module E'^{Xx) with 
compatible continuous G„-action is isomorphic to i/'^(S'„+i; B* E!^^j^{Xx))- Hence we obtain 

the following corollary. 

Corollary 6.8. For any spectrum X, the pro-object E* (X) is isomorphic to the pro-object 

CoroUarv 16 . 81 means that the pro-object E* (X) can be recovered from the pro-object E*^j^(X). 

Remark 6.9. The cohomology group E^{X) can not be obtained from E^^i{X) in general, 
since the cohomological Bousfield class (E*) is {K{n)) (cf. [51). For example, i?*(£'„) ^ but 

F* + ;l(£'„) = 0. 
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